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1. INTRODUCTION 
Let G be a domain exterior to a bounded closed surface 8G of class Ca in 
euclidean three-dimensional space R3. In the exterior domain G we consider 
the initial boundary-value problem 
vu 
V tt - 44 v 
.-=(-Jo, 
“(4 
x in G; 
4% 0) = g&4 Vt(X, 0) = g&), U-1) 
v(x, t) = 0 for x on aG. 
The function v(x), which is interpreted as density in acoustics ([2], p. 3, 
will be assumed to satisfy certain regularity conditions to be specified below. 
Problem (1.1) can be cast in time-evolution form, 
g [v, vtl = iA[v, %I, b-5 G4l = k, 7 &I7 
where A is an operator acting in an appropriate Hilbert space H(G) of initial 
data of finite energy, and that transforms a pair [g, , g,] into 
[- igz , - ivV * (VgJv)]. With proper domain, A proves to be selfadjoint, 
and thus generates a solution group U(t) = e itA of unitary operators on H(G). 
* This research was supported in part under the National Science Foundation 
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Problem (1.1) can be viewed as a perturbation from the situation V(X) z 1 
and G s R3, with corresponding space of initial data Ho(R3); A then reduces 
to A, , which generates the unperturbed group U,,(t) = eitAo. 
The purpose of this paper is to establish two spectral representations G+ 
and G- (outgoing and incoming) for the group U(t). GTt are unitary maps of 
H(G) onto L,( - CO, 00; N), N being the space of L, functions defined on the 
surface of the unit sphere. Under G* , U(t) is represented as multiplication 
by the scalar function eitz. The wave operators W* = s-lim,,*, U( - t) U,,(t) 
are then given in terms of the spectral representations, and are shown to be 
unitary maps of H,(R3) onto H(G). Consequently the scattering operator 
S = W;‘W- is defined as a unitary map of H,,(R) onto itself. 
The work parallels that of D. Thoe [lo] and G. S. S. Avila [l]. In Section 2 
we formulate our initial value problem within the framework of Hilbert space 
theory. We also show how this problem can be reduced to the one treated by 
Thoe in [lo]. That expression (2.11) still defines a norm, that is equivalent 
to the // * 11 norm, even though q(x) may assume negative values, is essential 
here. This is a consequence of the manner in which q(x) is related to v(x) 
(see (2.9)) and is proved as in [l]. 
In Section 3 we introduce a class of approximating problems. First we 
approximate r(x) by certain functions Y,,(X), and this leads to approximations 
qp(x) to q(x), so that q,(x) is related to V,,(X) in the same way that q(x) is related 
to V(X). This also is essential to obtain that (3.4) defines a norm equivalent 
to I/ * /I , a fact that could not be guaranteed to hold were q(x) to be approxi- 
mated directly by q@(x) as in [lo]. 
Section 4 is devoted to developing certain generalized eigenfunctions, that 
are later used in obtaining the spectral representations of Theorem 5.1. 
2. THE SETTING OF THE PROBLEM 
We assume that r(x) satisfies the following conditions: (i) V(X) is real- 
valued and has continuous third derivatives; (ii) there exist numbers c and C 
such that 0 < c < v(x) < C for all x in G; (iii) V(X) - 1, VY(X), and MY 
tend to zero as / x 1 -+ co, uniformly with respect to direction, at least as fast 
as 1 x /-3. 
Let B(G) = C,“(G) x C:(G), where C:(G) is the space of jcomplex- 
valued, infinitely differentiable functions with compact support in G. For 
g = j-g1 ,gJ in Q(G) we define the norm 11 *11 : 
II g II2 = /, +(I vg, I2 + I g2 I”) ~~. 
We denote by H(G) the Hilbert space obtained as completion of g(G) in 
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this norm. We also introduce the space H,(G), the completion of C,“(G) 
with respect to the norm I/ * llD: 
We note that if g E H(G), then g, E&(G), g, E L?(G), and the distributional 
first-order derivatives of g, are in L,(G). This is clear as far as g, is concerned. 
As for g, , note that it is the limit of a sequence {gin} C C:(G) in the norm 
(Jo v-l / -i+b I2 dx)“2, which because of condition (ii) on Y, is equivalent to the 
Ii * j/D norm. The statement above concerning g, follows easily from these 
remarks and the lemma in [8], p. 95, which lemma also implies that zero 
is the only constant function in Ho(G). 
The operator A that appears in (1.2) acts on elements g E g(G) in an 
obvious way: 
Ag = A[g, , g,] = [ - ig2 , -~ iK . ($I] . (2.1) 
We take as domain of A in H(G) the set 
WA) = jg 
I_ 
E H(G) : 41, +,(G),j = 1,2,3; , (2.2) 
G , 
where the indicated differentiations have to be interpreted in the sense of 
distributions. 
LEMMA 2.1. If g = [g, , g,] E D(A), then g*(x) is continuous (when prop- 
erly defined on a set of measure zero) in G, and gl(x) = 0 for x on i3G. 
PROOF. We define gr(x) in all of R3 by putting gr(x) = 0 for x E R3 - G. 
Evidently, g, E HD(R3) and g, EL’,OC(R~). We also know that the first and 
second distributional derivatives of g, belong to L2(R3). Now take a sphere 
so large as to contain aG, but otherwise arbitrary. Sobolev’s lemma ([ 1 I], 
p. 174) implies that gl(x) is continuous (when properly defined on a set of 
measure zero) in the arbitrary sphere, hence in all of R3. Taking x, - x E ZG, 
{x,,} C R3 - G, the continuity of gI implies that gr(x) = 0 for x E aG. 
THEOREM 2.2. The operator A : H(G) -+ N(G), given by (2.1) and (2.2), 
is selfadjoint 
PROOF. We prove first that A is symmetric. Let f E D(A) and g E L%(G). 
Then we have 
(~,f, g) = 1 ~1 /v(- if*) * Og, - iv [c . (*,I c2[ dx, 
G 
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and, upon integrating by parts on the second term, 
(Af, g) = - i /G v-l[Vf2 * V& - OfI * V&l dx. (2.3) 
Now g E D(A) implies that there exists {g”} E g(G) such that gr” --+g, and 
gan - g2 in H,(G). Therefore, (2.3) holds, by continuity, for all f and g in 
D(A)- 
Similarly we can write (f, Ag) in the form (2.3) for all f E B(G) and 
g E D(A), and by continuity show that this holds for all f andg in D(A). Thus 
we conclude that A is symmetric, i.e., A C A*. 
To show that A* CA, let g E D(A*) and h = A*g. We know that 
(Af, g) = (f, h) for all f E D(A). Taking f = [0, fi], with fi E C,“(G), this 
gives 
s 
v-I( - iVfi) * V& dx = 
G J 
v-lf,h dx, G 
which shows that Vg,/v has distributional derivatives in L,(G), and that 
(2.4) 
Now let tj be an arbitrary element of H,(G), and K a compact subset of 
G. In view of condition (ii) on v and the lemma in [8], p. 95, we have 
I Kv-l I$ I2 dx < const. / ( 04 (2 dx. G 
On the other hand, substituting [ fi , 0] E D(A) in (Af, g) = (f, h), we obtain 
jG v-l [ - ivV * f$)] gs dx = jG v-‘Vfl * V& dx. (2.6) 
In view of (2.5) and of Schwarz inequality we find that, for 4 in C:(G) and 
K = supp. 4, 
is 
v-‘c&i dx < 
G 
/ (jKv-l I+ I2 dx)lie (1,~l 1 1/1 I2 dx)1’2 < const. /I 4 llD. 
This shows thatF(tjr) = Jo v-$,h d x is a bounded linear functional on H,(G), 
and therefore there exists fi in H,(G) such that 
F(#) = s, v-‘&b dx = j-, v-T+ . Vjl dx. 
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Since this holds for every $ in H,(G), we conclude that VfJv has distributional 
derivatives, and - VV * (Of&) = 4. Substituting this in (2.6) leads to 
s 
iv-l+& dx = v-‘vfi 9 Vh, dx. 
G s G 
But this last expression is F(h,), and thus we have 
s 
iv-‘& dx = 
s 
v-+1 dx. 
G G 
Since in this equation + is an arbitrary element of C,“(G) we conclude that 
- igz = h, . (2.7) 
Finally, (2.4) and (2.7), and the observation that precedes (2.4) imply that 
g E D(A) and h = Ag, which prove that A* CA. This and A C A* show 
that A is selfadjoint. 
The above proof is modeled after a similar one by Lax and Phillips ([S], 
p. 137). 
Since A is selfadjoint, Stone’s theorem ([11], p. 253-254) is applicable: 
iA generates a one-parameter group of unitary operators U(t) = eitA on 
H(G), such that U(t) is strongly continuous in t for all real t; U(t)g is strongly 
differentiable with respect to t iff g E D(A), and, for such g, 
$ U(t)g = iAU(t)g; (‘W 
moreover, U(t) maps D(A) onto D(A) and commutes with A. 
U(t) is called the solution group for problem (1.1) (or (1.2)). Indeed, since 
s-lim t+O U(t) g = g and in view of (2.8) and Lemma 2.1, the first component 
of U(t)g is naturally interpreted as the solution of (1.1) for g E D(A). It can 
be proved that such a solution is classical if g is sufficiently smooth. This can 
be accomplished, for instance, by using Sobolev’s lemma and a theorem of 
Friedrichs ([ll], p. 174 ff). 
We refer to problem (1.1) as a perturbation of the situation when V(X) E 1 
and G = R3, which we call the unperturbed or free space problem. In this case 
we introduce Ho(R3) as the completion of 3(R3) = C;(R3) x Cz(R3) in the 
norm 11 . (IO :
II g 11: = j,, (I vg, I2 + I g, I”) &. 
We define the operator A, by 
AJfl ,fil = [- if2 y - infIl, 
D(A,) = /fEH,,:dfi,gtL,(R3),j= 1,2,3/. 
3 
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Just as with A, A, is selfadjoint on H,(P) and generates the unitary solution 
group Uo(t) = eifAo. 
We will describe next a spectral representation for the group Uo(t). Let 
N = L,(S) be the Hilbert space of square-integrable functions defined on the 
unit sphere S = {w = (wr , w2, wa) : 1 w I2 = w12 + w22 + wa2 = 1). Let 
L,(- co, co; N) be the Hilbert space of square integrable functions defined 
on the real line with values in N, and norm squared given by 
No confusion should result from our using the same symbol to represent the 
norm in H(G) and in L,( - CD, 00; N). Now consider the elements 
where x E R3, a E RI, and w E S. Although not in HO(R3), these aregeneralized 
eigenfunctions of the operator A, , in terms of which the spectral representation 
is given. 
THEOREM 2.3. The map F,, : H,,(R3) -L2( - co, CO; N), given by 
&fb(x, w> = Vof )(& a) = (f (+I, @d-7 8, whl 9 
where (a, .)O denotes scalar product in H,,(R3), is unitary, and under it we have 
[ Uo(t>flo (z, w> = eitzjb(z7 w). 
Also, for f E D(A,) 
For a proof of this see [a], p. 100. We note that for arbitrary f in HO(R3) 
the expression (f(a), @a(*, a, CO)),, is interpreted as limit-in-the-mean in 
L,(- co, ; N), exactly as in the case of ordinary Fourier transforms. 
We note now that by putting 
and 
V=dVU, 
gi = d/Yfi ) i= 1,2, 
v d/v q(x) = - VG v . --y--- = 3 z 2-;;, 
I I (2.9) 
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problem (1.1) transforms into 
Utt - Llu + q(x) 21 = 0, x in G; 
u(x, 0) = f&4, 24 t(X, 0) = fi(X) ; 
u(x, t) = 0 for x on G. 
We now define, for f E 9(G), 
(2.10) 
Ilfli" = jG (I Vfi I2 + 4 ifi I2 -+ ~f2 I”) &. (2.11) 
In a way similar to what has been done in [l], it can be shown that this is 
indeed the square of a norm, and that this norm is equivalent to the Ij * /i 
norm. Consequently, if H,(G) denotes the completion of 9(G) in the /I . j/r 
norm, H,(G) and H(Q) coincide as sets of classes of Cauchy sequences. It also 
follows that the transformation 
T:gsH(G)-f =$d,(G) (2.12) 
Y 
is a unitary map of H(G) onto H,(G). Therefore T maps A into a self-adjoint 
operator A, whose domain-the image of D(A) under T-turns out to be the 
same as the set D(A): 
AJfl Yf21 = [- ifi 7 - idfl + kf*l, 
D(Ad= )fE~~(G):rlfi,~~L*(G),j= 1,2,31. 
r’ 
A, generates the solution group U,(t) = eitA, of problem (2.10). Clearly 
we have 
Q(t) Tg = TW)g (2.13) 
3. THE APPROXIMATING PROBLEMS 
Let y(z) E Cm(R) be a function such that 0 < y(y) < 1 for all real Y, 
y(r)=1forr<O,andy(r)=Ofor~>l;andlety,(x)=y(~x~-~++) 
for p > 1. The function 
~A4 = 644 - 1) Y,(X) + 1 (3.1) 
provides an approximation to the function V(X); it coincides with u(x) for 
/ x / < p - 1, and is identically 1 for ) x 1 > p. Note that V,(X) satisfies all 
conditions imposed on V(X) at the beginning of Sec. 2. In particular, 
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condition (ii) holds with same constants c and C, and (iii) holds uniformly in p 
(see [I], p. 218). 
If in (1.1) we replace V(X) by V,(X) we get a class of problems approximating 
(1.1). The analogue of (2.9) is 
(3.2) 
and the problem 
u tt - Au +&4 u = 0, x in G; 
u(x, 0) =fi(x>, ut(x, 0) = f&>; (3.3) 
u(x, t) = 0 for x on aG, 
is the upproximatingprobbm to (2.10). It should be viewed in the space H,,(G), 
the completion of g(G) in the norm /I * IJp : 
llflt = s, (I Vfi I2 + q,, lfi I2 + Ifi I”) dx. (3.4) 
An important fact that can be shown as in [l] is that the norms on H,(G), 
H(G), J%(G) and H,(G) are all equivalent, uniformly in p. Hence all these 
spaces are identical as sets of classes of Cauchy sequences. We note that qO 
is given in terms of vI, in the same way as q is given in terms of v. This is 
important in proving the equivalence of norms that we just mentioned (see 
[l]). It is also easily seen, from (2.11) and (3.1) (3.2), and (3.4), that 
‘,+& Ilf IIC = Ilf Ill 3 f E JUG). (3.5) 
Next we introduce the operator A,, , defined by 
4df3 ,f21 = C- ifi, - idfi + C70fil, W,) = WJ. 
Exactly as for A, A,, , and A, , this operator is selfadjoint in H,(G). It generates 
the solution group U,(t) = eitAp of problem (3.3). 
LEMMA 3.1. The operators A, and A, have no eigenvalues. 
For the proof see [lo], Lemma 2.8. Since q(x) may assume negative values, 
one has to take into account a lemma proved in [I], p. 220. The presence of a 
boundary aG in our case causes no difficulty, since fi(x) = 0 on aG for 
f = LA ,fil in 4%) = W,A according to our Lemma 2.1 and the observa- 
tion that follows (2.12). 
The absence of eigenvalues from the spectra of A, and A,, implies in a local 
energy decay property for the groups l.Jl(t) and Up(t), and this is used in an 
essential way in establishing the spectral representations of Theorem 5.1. 
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Lemma 3.3 below is also needed in the proof of Theorem 5.1. Before stating 
that lemma, we consider the operator Q, in H,(P), defined by 
Q[fi >.fil = LO, rrfil, o(Q) = if E fW3) : nfi EL(R~H. 
In this definition we extend a(x) to all of R3, by taking q(x) = 0 outside G. 
We also recall a result proved by Thoe ([lo], Lemma 2.3): given E > 0, there 
exists /Z(E) > 0, such that, for all f E @A,), 
If&) I d E II 4fllo + 44 llfrio * (3.6) 
A consequence of this is that, forf E D(Q), 
II Qfll, d E II Afll, + k(e) lifil” . 
In fact, D(A,) C D(Q), as follows from (3.6) and the square integrability of 
q(x). We have 
ii Qfllt = 1, I qfi I2 dx < 1~ II4fll, + k(E) llfl~o12 j, q2 ax, 
and since the last integral is a constant, its square root can be absorbed in E 
and k(E). 
LEMMA 3.2. For allf E D(A,) = D(A,) we have 
lid% II 4f - 4f IID = 0. 
PROOF. For f E D(A,) we have 
II 4f - 4f 11: = j,,,,,, I qp - 4 I2 If1 I2 h. 
Using (3.6) and the fact that q(x) and e(x) behave like 1 x ]-3 at infinity, we get 
II 4f - 4f It d Kb II Af llo + k(e) llf llol” j,z,,,-,&, 
and this proves our lemma. 
LEMMA 3.3. Let {E,(X)} and {E,(X)} be the spectral families associated with 
the operators A, and A, respectively. Then, for each real h and each f E H,(G), 
we have lim,,, II E,@)f - -JW)f IL = 0. 
For the proof see [IO], Lemma 2.9. We observe that this proof hinges on Lem- 
mas 3.1 and 3.2 above. 
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4. GENERALIZED EIGENFUNCTIONS 
The spectral representation for the group U,,(t), described in Section 2, 
is given in terms of the generalized eigenfunctions a,,(~, a, w) of A, . Similarly, 
the spectral representation for Ur(t) will be given in terms of generalized 
eigenfunctions of A, , and these will be developed in this section. 
In [4] Ikebe developes generalized eigenfunctions for the operators - A 
and - A + 4 acting on functions in L,(G). To suit our purposes we will 
adjust and extend, as well as summarize, some of Ibeke’s results. By taking 
as domains of - d and - A + Q the set of functions in&(G) whose general- 
ized second derivations are in L,(G), he shows that these operators are self- 
adjoint. He also shows that the resolved (- d - ,2)-l of - A at K2, for 
Im K > 0, is an integral operator with kernel 
~~~~~~~~~~~~~~~~ eix’r-y’- + H(X, y, K), (4-l) 
where H is the (unique) solution of the problem 
AH+K~H=O, x in G; 
eiK ‘x--Y I 
H=-4r,x-y,’ 
x on aG; 
H = O(i x I-l), 
a 
- - iK 
44 
H = o(I x l-l), jxI--tco. 
Moreover, if C+ denotes the set of complex numbers with positive imaginary 
parts, then it is shown that H(x, y, K) can be extended continuously to the 
closure G x G x C+ of G x G x C+ , unless x = y E aG ([4], p. 39). It is 
also shown that, for Im K > 0, 
where K is a constant that depends on K. However, a detailed examination 
of Ikebe’s proof of Lemma 5.1 in [4] shows that this constant can be made 
independent of K for K in a compact subset of C, . 
We now state Ikebe’s results ([14], Theorem 3.2) on the generalized eigen- 
functions of - A as (see also Lemma 2.1 in [9]). 
THEOREM 4. I. There exists a family of generalized eigenfunctions (bo(x, z, W) 
of - A such that 4,, is continuous for x E e, z real, and w E S; +,, is twice 
continuously dzyerentiable in xi (j = 1,2, 3) for x in G, z and w Jixed, 
- 04, = .&$,, for x E G, and d,, = 0 for x E aG; if we set 
+,,(x, z, w) = e--izs.w + h,(x, z, w), 
SPECTRAL REPRESENTATIONS AND SCATTERING 555 
then h, satis$es the (incoming) radiation condition : h, = 0( I x 1-l) and 
(2j2 j s j - iz) h, = o(1 x i-1) as / x , + 00. 
In developing generalized eigenfunctions for the operator - A + q, Ikebe 
makes certain assumptions on q ([4], p. 48) and these are fulfilled by our 
functions q and q,, (see (2.9) and (3.2)). W e note, in particular, that there exist 
constants R, > 0 and K > 0 such that 
44 i < K j .x I-3, / q&) < K I x l-3, 1 x 1 2 R,, . (4.3 j 
Ikebe constructs the generalized eigenfunctions $ of - d + q through the 
Lippman-Schwingcr equation 
Let E be the Banach space of all functions U(X) that are continuous in G, 
vanish on aG, and tend to zero uniformly as / x / ---f co, normed by 
By introducing 
[T(K) Ul 6) = - j G(x, y, K) q(y) u(y) dy, 
G 
(4.5) 
and 
4(x, z, w) = 90(x, z, w) + h(x, z, w), (4.7) 
Eq. (4.4) becomes 
[I - T(z)] f-(x, z, w> =P(x, z, w>. (4.8;) 
Now this equation can be solved in E since p is an element of E, and T(z) 
proves to be compact on E. 
In a similar way, one defines 
P”t44 4 (4 = - j, G(x, Y, ~1 q,(y) NY) &, (4.9) 
and introduces the functions p, and h, through 
p&G 2, wj = [T,(z) 40(., x7 WI1 (.q 
and 
(4.10) 
(4.11) 
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Then the generalized eigenfunctions 4, of the operator - A + Q,, are obtained 
as 
$,(x, % w> = d&G z, w) + hP(X, z, w>. (4.12) 
We summarize Ikebe’s results ([4], Theorem 5.3) in the following 
THEOREM 4.2. The generalized eigenfunctions $(x, x, W) and &,(x, z, CO) 
described above are continuous for x E (?, z real, and w E S; they are twice 
continuously differentiable in xj ( j = 1, 2, 3) for x E G, x and w fixed, and 
satisfy the equations - A+ $ Q$ = z2$, - 44, + Q,$, = x2+0 for x in G, and 
$b=~,=ofoYxEaG. 
We further observe that if Q(X) behaves like 1 x I-3-r at infinity, with E > 0, 
then h satisfies the incoming radiation condition ([4], prop. 5.7). This condi- 
tion is certainly satisfied by h, , for Q,(X) vanishes identically for 1 x 1 > p. 
It is also satisfied by h, , so that it is appropriate to call $,, and $, incoming. 
In view of the previous observation regarding h, we also call 4 incoming. 
Now for a function f (x, z, w) we set 
f-(x, z, w) =f(X,%W), 
f+(x, z,w) =f-(x, -z, -w), 
“-39 for incoming and “+” for outgoing. The reason for this is that f+ 
satisfies the outgoing radiation condition 
f+ = WI x I-% ( & + iz)f+ = 41 x I-') 
as 1 x j -+ co, if f- satisfies the incoming radiation condition. 
We now define, as generalized (outgoing and incoming respectively) eigen- 
functions of the operators A, and A, , the pairs 
’ @*(x, z, w> = 47T3/2 [&(x, x, ~1, i&(x, x, w)], 
(4.13) 
respectively. 
A description of the way in which +p* approximates $+ is needed in 
Theorem 5.1 below. This is provided by part (iv) of the lemma that we 
consider next. For the sake of convenience we introduce the function 
%W = J 4 lvl>r Ix-y I IY 13’ 
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We observe that 
~(4 = O(l x I-‘) as lxI-+cQ, 
rn:x T&) = O(r-l) as r--t 00. 
(see Lemma 3.4 in [lo]). 
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(4.14) 
LEMMA 4.3. (i) T(K) is a continuous function of K in Im K > 0, that is, 
given E > 0, there exists 6 = 6( E, K,,) such that I/ T(k) - T(Q) jj < E if 
/ K - K~ I < 6. The same is true for To(~), the continuity in this case being 
uniform with respect to p. 
D y,!yf-- - T(K) II -+ 0 aS p ---f a, UnifOrdy ia K for K in a Compact set 
(iii) I( [c- TJK)]-~ - [I - T(K)]-l (I -+ 0 as p -+ co, uniformly in K, for K 
in a compact set D in Im K 3 0 that does not include the origin. 
64 max,o / &(x, z, W) - q&(x, z, W) I -+ 0 us p -+ 00, uniformly in w 
and z, for w in S and z in a compact set D of the real line that does not include 
the origin. 
PROOF OF (i). From (4.5) we have that 
[T(K) - T(K,)] u(x) = j, [W> Y, ‘%I) - G(x, Y, K>l q(Y) U(Y) dr- (4.15) 
Now this integral can be split into three integrals I1 , I, and 1s , of the same 
integrand above, over the regions G1 , G, and Ga respectively, where 
G=Gn{y:d(y,W</4, 
G=(G-GIPWbI a$ 
and 
G=~Y:IYI>R). 
Here p is a positive number to be determined, and R is so large that G, and 
G, have an empty intersection. 
In view of (4.1) and (4.2), and since q(y) is a bounded function, there is a 
constant K such that 
for K in a compact neighborhood of Kg , say 1 K - Kg I < 6. Therefore, given 
E > 0, we pick p > 0 so small that the above integral is less than c/3K: 
4’=‘9/27/3-7 
(4.16) 
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Next we consider Is. Again, from (4.1) and (4.2), and the fact that 
q(y) N 1 y I-S at infinity, we have (I K - q, 1 < S) 
with K a constant, not necessarily the same as before. According to (4.14), 
71R(x) can be made arbitrarily small, uniformly in X, by taking R sufficiently 
large. Therefore we fix R in such a way that 
(4.17) 
We finally come to I,, and here we distinguish two cases, according as x 
lies inside or outside of a sphere of radius R’. Once more we use (4.1) and 
(4.2) to obtain the estimate (I K - K~ 1 < 8) 
Next we pick R’ so large that for 1 x / > R’ this last integral is less than 
r/3K, hence 
If I x 1 < R’ we first note that 
so that 
1 &lZ-YI - a?ikOl’-yl 1 < 1 K - K,, 1 1 X --y 1 , 
I Is I < II 11 IIE JGs [(I K - Ko 1 + 1 f&Y, K) - f&Y, Ko) 1) I 4(Y) iI 4. 
On the other hand, from the continuity of H in the compact set 
(X : ) x I < R’, x E @ X {y : y E Gs} X {K : I K - K. 1 ,< 6) it follows that 
1 H(x> Y, K) - H(x, Y, Ko) 1 can be made arbitrarily small, uniformly in x 
and y, by making / K - Kg I sufficiently small. Therefore by further restricting 
6, if necessary, (4.16), (4.17) and (4.18) hold for all x in G, provided only that 
I K - ~~ ) < 6. Taking these in (4.15) we obtain 
1 [T(K) - %,)I f‘(X) 1 < c tl u 11~ 
for ) K - K. ) < 6 and all x in G, and this proves part of our lemma. 
The same proof remains valid for T,(K). By noting that q&) = q(y) if 
! y ) < p, and that (4.3) holds uniformly in p, it is easy to see that the con- 
tinuity of T,(K) is uniform in p. Thus the proof of part (i) is complete. 
SPECTRAL REPRESENTATIONS AND SCATTERING 559 
PROOF OF (ii). From (4.5) and (4.9) we have 
[T(K) u - T,(K) ~1 (4 = j, G(x, Y> K) [q(Y) - 4o(Y)l u(Y) dY- 
Now, in view of (4.1), (4.2) and (4.3), and f rom the fact that K lies in a compact 
set, we obtain, with K a constant, 
The proof follows from this inequality and (4.14). 
PROOF OF (iii). We recall that the set of bounded invertible operators T 
in a Banach space is open in the uniform topology, and that, in this topology, 
T-l is a continuous function of T ([6], p. 153). The last statement is a con- 
sequence of the inequality ([6], p. 31) 
II T,-l II2 II T - To II 
'I T-1- T,-ltt ' 1 - 11 'f,-l~~~~ T _ To)\ ' 
The proof of (iii) follows from this inequality, by putting To = I - T(K), 
T = I - T,(K). We only have to note that T - T,, can be made arbitrarily 
small, uniformly in K, with p sufficiently large (see (ii)); and that, because 
T-1 is a continuous function of T, /I To1 11 is bounded uniformly in K (see (i)). 
PROOF OF (iv). From (4.5)-(4.12) we have that 
4(.x, 2, w) - 4&, z, w) = A(% x, w) - h,(x, z, w) 
= [I - T(z)]-l P(X, z, w) - [I - T,(z)]-l P,,(x, z, w) 
= [I - TM-’ (P - A> 
+ ([I - T@W - [I - T,CW~P,, 
and therefore, 
~$2 /4(x, ~9 w> - 4(x, 2, w) I G II [I - T(~)l-l II II PC*, x> w> - PA., ~7 w> IIE 
+ II 11 - WW - U - T,CW II * II P,(*, z, w> 11~. 
In view of (iii) and the boundedness of jl [I - T(z)]-l /j , our result follows 
from the above inequality if we show that ]I p,(*, x, w) jjE is bounded and that 
p, +p in E, uniformly in z E D, w E S. In order to do this we recall that, 
from (4.5), (4.6), (4.10), and (4.11), we have 
I A@, ~3 w> I G j, I G(x, Y> 4 Q,,(Y)+o(Y, ~7 w> I dy, 
I P(G 2, w) -A@> z> w> I f jG I G(x, Y, 4 MY) - ah91 MY, ~3 w> I dr- 
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Since 4(Y) - 4dY) vanishes for ( y 1 < p - 1 and behaves like 1 y j-3 at 
infinity, and since +,,(y, I, w) is bounded (see Lemma 2.1 in [9]), we obtain, 
in view of (4.1)-(4.3). 
with K a constant. The first of these inequalities shows that jjp,(., z, W) (jE 
is indeed bounded, and the second shows that p, +p in E, uniformly in z 
and CO. Therefore our proof is complete. 
5. SPECTRAL REPRESENTATIONS 
We are now ready to describe the spectral representations F,, and F+ for 
the groups UJt) and Ul(t) in terms of the generalized eigenfunctions (4.13). 
THEOREM 5.1. The maps 
FP+ : HO(G)-+L,(- CO, CO; N) and F* : H,(G) +L2(- co, CO; N), 
given by (note the switches in signs) 
~~&, w> = (Qf) (~9 w) = (f(e), @04., z, 4, 9 
(5-l) 
f&, w) = (F&f) (a, w> = (f(e), @d*, z, w)h , 
respectively, are unitary. Moreover, these maps transform the groups UQ(t) and 
Ux(t) into multiplication by eitz, that is, 
[~,,(t>fl(,&, ~1 = P,&(~, 01, f~ H,,(G), 
G(t)f*(x, w) = eitY&,~), fE H,(G)- 
Also, 
1 
(A,f),@, ~1 = d&, ~1, f E WJ 
Spectral representations of the type above were obtained by Lax and 
Phillips for the group solution of the wave equation in an exterior domain 
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([8], pp. 168-169). Their proof is based essentially on Huygens principle and 
on a local energy decay property that follows from the fact that the generator 
of the group has no eigenvalues (see [8], Chapter V, Section 2; see also 
Appendix 2). Based on these same ideas, Thoe ([lo], Section 4) establishes 
the statement in the above theorem pertaining to F,* under the assumption 
that qp(x) > 0 and G = R3. His proof can be adapted to our case, since the 
local energy decay property still holds (see [S], Chapter VI, Section 3, especi- 
ally Theorem 3.1), and the presence of a boundary implies in minor changes 
only. 
This proof, however, does not carry over to the group U1(t). This case has 
to be treated as a limit of the previous case with p -j co. In order to do this 
we need information on how A, and $,* approach A, and $+, respectively. 
This is provided by Lemma 3.3 and part (iv) of Lemma 4.3. The results of 
these lemmas and (3.5) constitute the essential ingredients in Thoe’s proof 
of the spectral representations of U1(t), short of proving that Fi map H,(G) 
onto L2( - co, GO; N). Again we omit the details here. 
The proof that the ranges of F;t are all of L,( - co, co; N) is achieved 
through the formulation of time-dependent theory of scattering. This 
technique is due to Ikebe ([3], part III; see also [Sj, Section 5). It requires 
the introduction of the wave operators 
w: = F-l-b& U,(- t> U,(t), 
which are proved to be isometries (as a matter of fact, unitary maps, as later 
proved) of Ho(R3) into H,(G). W e note that for any given f E B(R3), say f 
supported in the sphere 1 x 1 < k, U,(t)fvanishes for 1 x 1 > / t 1 - k. Thus 
we see that, for j t 1 large enough, Uo(t)f belongs to H,(G), so that 
U,( - t) U,,(t)f is meaningful. Once W: are proved to exist and to be iso- 
metries of 9(R3) C Ho(R3) into H,(G), these operators are extended to all 
of Ho(R3) by continuity. On physical grounds, (see Kuroda’s comments on 
Ikebe’s work in [7], p. 194) there is reason to believe that W: = F;‘F,, and 
W: = F:‘F,, . Thus one considers the operators V* = F;‘Fh and proves that 
V&W.‘, = I (respectively “+” or “-” ). This shows that the operators Wl 
and F* are onto, and that W: = Fi’F,, . We omit all details, since Thoe’s 
analysis ([lo], pp. 401 ff) is applicable with only minor adaptations. 
In view of the above theorem, and of the unitary map (2.12) it is clear how 
to obtain spectral representations for the group U(t). Setting 
it is readily seen that the above representations lead to 
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THEOREM 5.2. The maps G* : H(G) -+ L,(- co, CO; N), dejned by 
f+ = (G+f) (z, w) = (f(v), FT(*, ~9 w)), 
are unitary. Moreoaer, these maps transform the group U(t) into multiplication 
by eitz, that is, 
[U(t)f], (z, w) = eitZJ,(z, w), f E H(G). 
Also, 
(Af), (zs ~1 = zf &> w)v f E D(A). 
It is also clear, from the comments above, that the wave operators 
IV* = s-Em,* U(- t) Uo(t) exist and are unitary maps of H,,(P) onto H(G). 
They are related to the representations G* by W+ = Gi’F,, . The scattering 
operator S = W;‘W- is well defined, and again we see that it is a unitary 
map of H,(P) onto H,,(P). In terms of our representations G+ we have 
S = GIG+G?FO . 
The fact that the ranges of W+ and W- are all of H(G), or that G, and G- 
map onto L,(- co, co; N), implies that all states in H(G) get scattered. 
This is due to the fact that v(x) tends to 1 at infinity sufficiently fast. Other- 
wise, the operator A may have eigenvalues, and the corresponding eigen- 
functions would be initial values of “trapped” waves. In regard to this see 
Appendix 2 in 181. 
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